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ABSTRACT 
In this paper we characterize all n x n matrices whose spectral radius equals 
their spectral norm. We show that for n > 3 the class of these matrices contains the 
normal matrices as a subclass. 
INTRODUCTION 
Let A be an n x n matrix, let Ai, 1 < i < n, be its eigenvalues and 
let p(A) = maxl;i,( be the spectral radius of A. It is known that 
where 
fJ(A) G II4 (1.1) 
IlAII = max IAVI 
jul=l 
(1.2) 
is the spectral norm of A. Here lzll is the Euclidean vector norm. In this 
note we study matrices for which 
P(A) = II4 (1.3) 
Matrices satisfying (1.3) we call radial matrices, and our main result 
is their characterization. 
The study of radial matrices originated in stability questions of finite 
difference schemes for initial-value problems, where one is interested in 
the uniform boundedness of the family I IA”\ /, k = 1, 2, 3,. . . . Since 
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P(A)” = P(A”) 6 IIAkll < IjAIl”> (1.4) 
a necessary condition is obviously p(A) < 1. However, if A is radial, this 
condition is sufficient as well. 
CHARACTERIZATION OF RADIAL MATRICES 
We start with 
LEMMA. The matrix A is radial if and only if PHI - A*A is positive 
semi-definite. 
Proof. By (l.l), A is radial if and only if p = p(A) 3 [IA/l, that is, 
plvl > IAvl for all v. This is equivalent to p21v12 > IAvl2, that is, (psv, v) 3 
(Av, Av), and finally (p2v - A*Av, v) 3 0. The lemma follows. 
Order now the eigenvalues of A, such that 
p(A) = /AlI = 1% = ** * = I& > I&+l/ > -- - b l&j. (2.1) 
The number s is the number of roots of A on the spectral circle jz1 = p(A). 
THEOREM. The matrix A is radial if and only if A is unitarily similar 
to a matrix of the form 
(2.2a) 
where 
(2.2b) 
and 
p(A)2I - B*B > 0, (I = I,_,). (2.3) 
Proof. It is known that A is unitarily similar to a triangular matrix 
T = UAU*, where the eigenvalues, ili, can be ordered along its diagonal 
as in (2.1). Since p(A) = p(T) and llA]I = ilT/I, we may assume with no 
loss of generality that A is already triangularized in the form of T. 
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Let A be radial and for each 1 < i < s let ei be the n-dimensional 
vector defined by eij = cYij, then 
Hence, aji = 0 for 1 < i < s and i + 1 < i < n; this proves (2.2). 
Now suppose that A satisfies (2.2). By the lemma, a necessary and 
sufficient condition for A to be radial is the positive semi-definiteness of 
/A,121 - A”A. By (2.2) 
/11/21, - A*A = 1i112(I, 0 I,_,) - (/11121, @ B*B) 
= 0, 0 ()21)21n-s - B”B), 
and the theorem follows easily. 
(2.5) 
At this point, we note that our theorem can be proved as a corollary 
of two results due to Householder [l], [2], on general matrix norms. It 
seems useful to have a simple direct proof for the case of the spectral norm 
only. 
Another characterization of radial matrices was given by Ptak [3], 
who proved that an n x n matrix A is radial if and only if 
IIAnll = IIW (2.6) 
FURTHER RESULTS 
From the theorem we have 
COROLLARY 1. If A is radial and s(A) > n - 1, then A is normal. 
Proof. In this case A is unitarily similar to a diagonal matrix. This 
is known to be necessary and sufficient condition for A to be normal. 
In particular 
COROLLARY 2. If n = 2 and A is radial then A is normal. 
Next we consider the product AB of two matrices. The examples 
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show that no inequalities between p(AB) and p(A)p(B) are possible. The 
example 
shows that the product of two radial matrices need not be radial, even 
when they commute. The following easy result is the only positive thing 
we can say about products: 
If A and B are radial and if p(AB) > p(A)@), then AB is radial. In 
particular Ak is radial for k = 1, 2, 3, . . . . 
The proof is immediate: 
PW) < IlABll G IIAII IIBII = P(AW) < PPL 
hence, p(AB) = IIABII. 
(3.3) 
In applications of our Theorem the following remark proves useful: 
Suppose A and B satisfy lilj21 - A*A > 0 and l,@I - B*B > 0, then 
ILpl2I - (AB)*(AB) 3 0. 
For 
1,$121 - (AB)*(AB) = (lA121)(lpu/21) - B*(A*A)B 
> (j,?j21)(B*B) - B*(A*A)B 
= B*(/l121 - A*A)B 3 0. (3.4) 
It is natural to conjecture that each sufficiently large principal sub- 
matrix of a radial matrix is itself radial. The lower 2 x 2 principal minor 
of the orthogonal matrix 
(3.5) 
explodes this possibility. 
In applications of the theorem, it is desirable to minimize the amount 
of calculation necessary to verify (2.3). As in the proof of the theorem, we 
may take a lower triangular representation of B, 
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We know that 11i/ = .a. = j&l > 1;1,+,1 a** > l&l. We must test the 
(VZ - s) x (n - s) matrix li1il21 - B*B for positive semi-definiteness. It 
is sufficient to show that each principal minor is non-negative. But there 
are Sri-s) - 1 such minors, so it is obviously desirable to show that some 
of the conditions are redundant. 
Consider the 3 x 3 case for which 
(3.7) 
Then 
ji1,l21 - B*B = lQ - l&i12 - II2 
- 6& 
- b& . 1q2 - PSI2 
(3.8) 
The three conditions for positive semi-definiteness are 
l&l2 - 1q2 3 0 
jl11~ - 1~212 - PI2 3 0 
(1111~ - 1&12H(&12 - /A212 - PI21 - lW212 3 0. (3.9) 
The first is automatically satisfied, actually with > rather than 3. 
Therefore the third implied the second, so actually one condition alone 
must be tested. Thus if A is unitarily similar to 
then A is radial if and only if 
(l&l2 - l&l2)(lJ~12 - 11212 - lb12) - (b121&12 >, 0. (3.10) 
The number b is a measure of how much A is non-normal. Therefore 
it is interesting to rewrite (3.10) in the form 
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PI G P/lw(l~1/2 - lp2/2)(l~112 - l&1 )11'2> (3.11) 
which gives an upper bound for b. 
By the same argument, when n 3 3 and 
(3.12) 
we have that A is unitarily similar to 
) (3.13) 
and A is radial if and only if 
lb1 < (l/l~~l,[(l~ll” - lL12)(1412 - lk/2)11'2. (3.14) 
It is clear now that the class of radial matrices for PZ 3 3 is far wider 
than the subclass of the normal matrices. 
We note that if N is the standard nilpotent matrix with all zeros 
except for ones on the subdiagonal, then every matrix unitarily similar to 
1 0 
A=ON ( 1 
is radial but not normal. 
The general situation for n > 3 is not so pleasant. Consider 
(3.15) 
where Ill]2 > 11212 3 l&j2 > lA#. Then lii1121 - B*B is given by 
la112 - l/l212 - la12 - lb/2 ( - (li,Z + c6) - a46 
- (&a + Cb) IhI - lA312 - ICI2 - a& . (3.16) 
- &b - x,c PII - M2 
For A to be radial, it is necessary and sufficient that this matrix (3.16) be 
positive semi-definite which is true if and only if each of its 7 principal 
minors is non-negative. Let us label these minors dr, d,, da, dr2, d2a, d,,, d12a 
in an obvious way. Then ds = li1rj2 - Ii/$ > 0, so 6 conditions remain to 
be tested. We consider several examples: 
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Here d, > 0, d2 > 0, d3 > 0, d,, > 0, d,, > 0, d13 > 0, but d123 = 
-l<O. 
l,=VC B-(i -f _%), 61_B*B-(1 f g). 
(3.18) 
Here dI > 0, ds > 0, d, > 0, d123 = 2 > 0, but d,, < 0, dz3 < 0, d,, < 0. 
+v2, B= [-iv;;], 2I-B*B= (i_;$j. 
(3.19) 
Here d, = 0, d, > 0, d, > 0, d,, = 0, d,,, = 0, but d12 < 0, d,, < 0. 
(3.20) 
Here dI = d2 = 0, d3 > 0, dlz = 0, d123 = 0, but dzz < 0, dn < 0. 
Here d, > 0, dz = 0, d3 > 0, d13 = 0, d12, = 0, but d,, < 0, d,, < 0. 
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Examples (3.17)-(3.21) indicate that in the general case, where 
there are 2n-S - 1 principal minors to be tested, this number cannot be 
reduced substantially. 
Finally, the following fact seems worth noting. If A is radial, then 
p(A*A) = p(A2). For p(A*A) = IIA*AII = IIAl/2 = p(A)2 = p(A2). 
We aye grateful to H. Flanders for very helpful discussions. 
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